We present polarised-neutron diffraction measurements of the Ising-like spin-chain compound Ca3Co2O6 above and below the magnetic ordering temperature TN. Below TN, a clear evolution from a single-phase spin-density wave (SDW) structure to a mixture of SDW and commensurate antiferromagnet (CAFM) structures is observed on cooling. For a rapidly-cooled sample, the majority phase at low temperature is the SDW, while if the cooling is performed sufficiently slowly, then the SDW and the CAFM structure coexist between 1.5 and 10 K. Above TN, we use Monte Carlo methods to analyse the magnetic diffuse scattering data. We show that both intra-and inter-chain correlations persist above TN, but are essentially decoupled. Intra-chain correlations resemble the ferromagnetic Ising model, while inter-chain correlations resemble the frustrated triangular-lattice antiferromagnet. Using previously-published bulk property measurements and our neutron diffraction data, we obtain values of the ferromagnetic and antiferromagnetic exchange interactions and the single-ion anisotropy.
I. INTRODUCTION
The spin-chain compound Ca 3 Co 2 O 6 offers a rare opportunity to investigate the interplay of frustration and low dimensionality in a triangular lattice of Ising chains. Some of the most interesting observations of Ca 3 Co 2 O 6 have been made in an applied magnetic field, where the appearance of magnetisation plateaux 1 at low temperature has been linked to a quantum tunnelling mechanism.
2 However, even in zero field Ca 3 Co 2 O 6 demonstrates very complex and unexpected behaviour, including an unusual order-order transition, an ultraslow magnetic relaxation, and a coexistence of several magnetic phases. 3 A substantial and prolonged theoretical interest in this compound 4-8 is thus not unexpected (see Ref. 9 for a recent review).
The crystal structure of Ca 3 Co 2 O 6 is hexagonal (space group R3c) and consists of chains made up of alternating face-sharing octahedral (Co 3+ I ; S = 0) and trigonal prismatic (Co 3+ II ; S = 2) CoO 6 polyhedra. 10, 11 The chains are directed along the c axis and are arranged on a triangular lattice in the ab plane. The trigonal crystal field and spin-orbit coupling generate an Ising-like magnetic anisotropy at the Co 3+ II site, with the easy axis parallel to the chains. 4, 12 Spins are coupled by ferromagnetic (FM) interactions within the chains, while much weaker antiferromagnetic (AFM) interactions couple adjacent chains along helical paths. 13, 14 Below T N = 25 K a magnetic order is stabilised in the form of a longitudinal amplitude-modulated spin-density wave (SDW) propagating along the c axis with a periodicity of about 1000Å. There is a phase shift of 120
• in the modulation between adjacent chains. 15, 16 Recent powder neutron diffraction results 3 revealed an order-order transition from the SDW structure to a commensurate antiferromagnetic (CAFM) phase. This transition occurs over a time-scale of several hours and is never complete.
Here, we report polarised-neutron scattering measurements on a polycrystalline sample of Ca 3 Co 2 O 6 above and below T N , supported by Monte Carlo simulations of the magnetic diffuse scattering and bulk properties above T N . Our paper is structured as follows. Details of our experiments and analysis methods are given in Section II. In Section III A, we address the effect of temperature and sample cooling rate on the coexistence of magnetic phases below T N . In Section III B, we use Monte Carlo methods to extract the spin correlation functions parallel and perpendicular to the chains above T N . Finally, in Section IV we develop a model of the magnetic interactions which is compatible both with our neutron data and with previously-reported measurements of bulk properties.
2,17,18

II. EXPERIMENTAL AND TECHNICAL DETAILS
A polycrystalline sample of Ca 3 Co 2 O 6 of mass 3.6 g was synthesised via a solid-state method. 12, 19, 20 The magnetic properties of the sample were checked by mag-netisation measurements and agree with those reported previously.
12,18-21
We performed polarised-neutron diffraction experiments using the D7 instrument at the ILL in Grenoble, France. D7 is a cold-neutron diffuse scattering spectrometer equipped with xyz polarisation analysis, 22 which uses 132 3 He detectors to cover a scattering range of about 140
• . We used neutrons monochromated to a wavelength of 4.8 and 3.1Å, allowing the scattering to be measured in the range 0.34 < q < 2.48Å −1 and 0.53 < q < 3.46Å −1 respectively. In order to avoid possible complications from the influence of the out-ofplane components to forward scattering 23 the data for a scattering angle less than 20
• have been ignored in the refinements.
Standard data analysis techniques (which included detector efficiency normalisation from vanadium standards and polarisation efficiency calculations from an amorphous silica standard) were used to calculate the magnetic, nuclear and spin-incoherent scattering components from the initial data. The diffraction data obtained below T N were refined using the FULLPROF program.
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D7 is also equipped with a Fermi chopper, which permits inelastic scattering measurements with a resolution of 3% of the incident energy, thereby giving the ability to differentiate between truly elastic scattering and quasielastic or inelastic contributions. All attempts to detect an inelastic signal at any temperature were unsuccessful; therefore within D7's resolution of about 0.15 meV the signal should be presumed to be totally elastic.
We refined the magnetic diffuse scattering patterns obtained above T N using the Spinvert program, 25 which implements a reverse Monte Carlo (RMC) algorithm. 26, 27 In the RMC refinements, a supercell of the crystallographic unit cell is first generated, a classical Ising spin with random orientation (up/down) is assigned to each Co 3+ II site, and the sum of squared residuals is calculated:
in which I(q) denotes a powder-averaged magnetic scattering intensity, subscripts "calc" and "expt" denote calculated and experimental values, σ(q) is an experimental uncertainty, W is an empirical weighting factor, and s is a refined overall scale factor. A randomly-chosen spin is then flipped, the change in χ 2 is calculated, and the proposed spin-flip is accepted or rejected according to the Metropolis algorithm. This process is repeated until no further reduction in χ 2 is observed. The scattering pattern is calculated from the spin configuration using the general expression of Ref. 28 which takes magnetic anisotropy into account. In our refinements we used periodic spin configurations of size 12 × 7 × 11 orthorhombic 48 unit cells (N = 11088 spins), which represented a compromise between maximising the simulation size and keeping the computer time required within reasonable limits. Refinements were performed for 100 proposed flips per spin, and all calculated quantities were averaged over 10 independent spin configurations in order to minimise the statistical noise.
We also performed direct Monte Carlo (DMC) simulations using the Ising Hamiltonian,
and the anisotropic Heisenberg Hamiltonian,
for various sets of magnetic interactions relevant to Ca 3 Co 2 O 6 . Here, S i is a classical spin vector with z-component S z i and length |S|, J ij is a general interaction between pairs of spins i, j, D is a singleion anisotropy term, and the factor of 1/2 corrects for the double-counting of pairwise interactions. In Section III B, we consider specifically interactions between nearest-neighbour and third-neighbour spins, which we label J 1 and J 3 respectively.
Direct Monte Carlo simulations were performed using a simulated annealing algorithm in which a periodic spin configuration was initialised with random spin orientations and slowly cooled. The initial temperature was T = 15J 1 |S| 2 for the Ising model and T = 60J 1 |S| 2 for the anisotropic Heisenberg model, and ratio of adjacent temperatures was equal to 0.96. At each temperature, 10 4 moves per spin were proposed for equilibration, followed by at least 10 5 proposed moves for calculations of the bulk properties. For the Ising model, a proposed spin move involved choosing a spin at random and flipping its orientation. For the anisotropic Heisenberg model, two kinds of move were alternated: randomly choosing a new spin orientation on the surface of a sphere, and a simple spin flip (S i → −S i ), where the latter is used to allow the simulation to move rapidly between Ising-like states at low T . 29 Each proposed spin move was accepted or rejected according to the Metropolis algorithm. To simulate diffraction patterns, we used 5 independent spin configurations, each of size 18×10×16 orthorhombic unit cells (N = 34560 spins); an approximately cubic supercell was used because calculating powder diffraction patterns involves spherically-averaging spin correlation functions in real space. 28 For bulk-properties calculations, we used a spin configuration of size of 5 × 3 × 64 orthorhombic unit cells (N = 11520 spins); these dimensions were chosen since the correlation length along c is longer than in the ab plane [Section III B]. The magnetic susceptibility per spin, χ, and heat capacity per spin, C mag , were calculated from the fluctuation-dissipation relations, where M z = i S z i /|S| is the total magnetisation (normalised by spin length), E = i E i the total energy, and angle brackets denote the time average. For comparison with experimental data, χT is converted into units of K m 
III. RESULTS AND DISCUSSION
A. Low-Temperature Data
The CAFM phase detected previously in Ca 3 Co 2 O 6 has been proven to be metastable in nature.
3 Given this, we have experimented using two different protocols for cooling the sample, denoted slow cooling and rapid cooling. For the slow cooling, the sample was initially cooled to 30 K; the temperature was then reduced down to 5 K in steps of 5 K, and finally to the base temperature of 1.5 K. Diffraction patterns were recorded at each temperature step with a data collection time of 4 to 5 hours; therefore the total cooling time to base temperature was more than 24 hours. For the rapid cooling, the sample was quickly (within a few minutes) cooled from just above the ordering temperature (∼ 25 K) down to the base temperature of the cryostat and equilibrated for 15 minutes. The measurement time at the base temperature was 4 hours. The sample was then warmed up to 5, 7.5, 10 and 15 K with 4-hour long measurements at each temperature. The neutron diffraction patterns recorded with 4.8Å neutrons following these two protocols are shown in Figs. 1(a) and 1(b) respectively.
The most intense magnetic Bragg peaks corresponding to the SDW and CAFM phases appear at 0.79 and 0.69Å −1 respectively. The presence of these two magnetic phases can therefore be easily followed in Fig. 1 .
The SDW phase is the majority phase at all temperatures. The CAFM phase is present at temperatures below and including 10 K, but for the rapid cooling protocol it is barely visible at lower temperatures (1.5 and 5 K). On the other hand for the slow cooling protocol intense and narrow magnetic reflections from the CAFM phase can be observed even at the lowest temperatures. These results provide evidence that the extremely slow dynamics existing below 10 K hamper the development of the long range CAFM phase in the case of a fast cooling procedure. Apart from the long-range SDW and CAFM phases, a short-range magnetic component is clearly present at T < 15 K for both cooling protocols in agreement with the previous unpolarised neutron diffraction data. 3, 15 In the refinement, it is rather difficult to distinguish this short-range component from a background signal that varies slightly as function of scattering angle. Figs The slow cooling procedure results in the simultaneous presence of both magnetic long-range ordered phases at low temperature (from 1.5 to 10 K), while at higher temperatures (at 15 and 20 K) only the SDW phase is visible. In contrast to the rapid cooling data, for the slow cooling procedure the fraction of the CAFM phase does not show a maximum around 10 K but monotonically increases, at the expense of the SDW phase, as the temperature is further reduced. This result shows that the particular protocol used for cooling the sample strongly affects the evolution of the order-order transition between the SDW and CAFM phases. This observation is an effect of the rapid increase of the characteristic time of the transition process between the SDW and CAFM phases as the temperature is decreased. 3 The dependence on the cooling procedure shown by ac susceptibility measurements 21 is probably related to the particular dynamics of the long range magnetic order in Ca 3 Co 2 O 6 .
Due to the relatively low q-resolution of the D7 diffractometer, it was not possible to detect a small (∼ 0.01Å −1 ) 15,16 incommensuration in the magnetic reflections associated with the long-period modulation of the SDW magnetic structure along the c axis.
Additional data were collected using the slow cooling protocol with 3.1Å neutrons. The higher-energy incident neutrons allowed for diffraction up to a higher maximum q, but the data collected essentially followed the same trend as in Fig. 1 (b) and are therefore not shown here.
B. High-Temperature Data
High-temperature magnetic diffuse scattering data, collected at six temperatures above T N , are shown in No appreciable dependence of the scattering intensity on sample history was observed at any temperature above T N . At T = 25, 30 and 35 K, the magnetic diffuse scattering is dominated by a broad peak, which decreases in intensity and shifts from q = 0.8 to 0.7Å
with increasing temperature. At T ≥ 50 K the scattering patterns show no pronounced features in the q range probed, but even at T = 100 K there are small differences between the experimental data and the paramagnetic Co 3+ form factor which would be observed for entirely random spin orientations. We use two approaches to analyse the high-temperature data. First, we fit the data using reverse Monte Carlo refinement: this approach determines the paramagnetic correlations but does not model the magnetic interactions. Second, we consider the extent to which our data are consistent with different sets of interactions in a simple magnetic Hamiltonian. Throughout, we assume that only the Co tirely consistent with the data.
We performed RMC refinements of the hightemperature data using the Spinvert program. 25 Technical details of the refinements were given in Section II. The most important assumption is that the spins behave as purely Ising variables. Measurements of the magnetic susceptibility 30, 31 and our own analysis in Section IV suggest that this assumption is valid at least for T 50 K, where the diffuse scattering shows the most pronounced features. We make the usual assumption that the magnetic form factor is given by the dipole (low-q) formula, f (q) = j 0 (q) + C 2 j 2 (q), where j 0 (q) and j 2 (q) are tabulated functions 32 and the factor C 2 = L z /(2S z + L z ) accounts for the orbital contribution to the magnetic moment in Ca 3 Co 2 O 6 ; we take C 2 = 0.25 as an average of the literature values.
1,2,4,33 All fits are modified by an overall intensity scale factor in order to match the data. The optimal value of this scale factor was obtained by fitting the T = 25 K data and then fixed at the T = 25 K values when fitting the higher-temperature datasets. The fits we obtain are shown in Fig. 3 , and represent excellent agreement with the data. The radial spin correlation function S(0)S(r) obtained from RMC refinement of the T = 25 K data is shown in Fig. 4(a) . Correlations along the Ising spin chains S(0)S(r z ) are FM and decay with distance r z along the chains. This distance dependence can be fitted by an exponential decay, S(0)S(r z ) = exp(−r z /ξ), in agreement with the theoretical prediction for independent FM Ising chains. 34 By contrast, correlations between different chains are AFM, of smaller magnitude than the intra-chain correlations, and are not well described by an exponential decay; we consider them in more detail below. The temperature dependence of the FM correlation length ξ is shown in Fig. 4(b) . The values shown were determined by fitting S(0)S(r z ) with an exponential for each of the six measured temperatures. The fitting range was 0 < r (Å) < 30, except at T = 100 K where the upper limit was reduced to r = 20Å due to the very rapid decay of the correlations; in all cases, the quality of the fit was similar to that obtained for T = 25 K. The value of ξ decreases with increasing temperature, but is not negligible even at 100 K. Here we note a similarity with the theoretical expression,
where c = 10.367Å, which also has a "long tail" at high T . Our observation of significant FM correlations well above T N is consistent with µSR data 35 
37
We note two qualifications regarding the RMC refinements. First, since RMC refinement is a stochastic process, the values of ξ obtained from RMC represent lower bounds on the true values. Second, we found that making small changes to refinement parameters (in particular the intensity scale) resulted in significant variations in the absolute values obtained for the FM correlation length. This suggests that the data do not provide a strong constraint on the strength of the FM correlations. In order to estimate the uncertainties shown in Fig. 4 for S(0)S(r) and ξ, we considered the effect of changing the scale by a small amount from its refined value: s → s ± δs, where δs = 0.1s was chosen as the range over which it was possible to obtain reasonable fits to the data.
We now consider the extent to which the paramagnetic diffraction data can be modelled using a magnetic Hamiltonian. Previous theoretical models have assumed that the spin chains behave like single Ising spins which are coupled by AFM interactions on a triangular lattice.
5-7
However, these simplified models fail to reproduce the SDW phase below T N , so we consider the influence of the actual crystal structure on the magnetic interactions in our analysis. Following previous work, 14 we consider a model of Ising spins coupled by interactions between nearest neighbours (J 1 at 5.18Å), next-nearest neighbours (J 2 at 5.51Å) and third neighbours (J 3 at 6.23Å). Our initial calculations revealed that our T = 25 K data can be well described by at least two different sets of parameters: either J 1 and J 3 (with J 2 = 0), or J 1 and J 2 (with J 3 = 0). An independent determination of both J 2 to J 3 is therefore not possible based on only the diffuse scattering data. However, it has been argued that J 3 should be of significantly greater magnitude than J 2 , based on the shorter O-O bond distance for the J 3 pathway 13 and on spin-dimer calculations.
14 In order to proceed, we therefore assume initially that J 2 is negligi- For each ratio of J 3 /J 1 that we considered, we determined the ratio T /J 1 |S| 2 for which the calculated I(q) most closely matched the T = 25 K experimental data. This procedure fixes the absolute value of J 1 , and hence allows model and experimental data to be compared for each of the measured temperatures.
Results of our simulations are shown in Figs. 3 and 4. We present results for J 3 /J 1 = −0.02, which is the ratio suggested in Ref. 14, and for J 3 /J 1 = −0.10, for comparison with our analysis in Section IV. We also investigated a model with J 3 /J 1 = −0.10 and finite single-ion isotropy D/J 1 = 32, but the results described in this Section were very similar to those obtained for the Ising model (D = ∞), and so are not given here. At most temperatures, both sets of interactions show good agreement with the data. There is a slight tendency for all the model calculations to lie below the data at low-q and above the data at high-q, which may indicate a small inaccuracy in the assumed magnetic form factor. The J 3 /J 1 = −0.02 model appears to fit the data better at T = 25 K, but the J 3 /J 1 = −0.10 model is more successful at reproducing the shape of the main peak at T = 35 K [ Fig. 3 ]. Both models are qualitatively consistent with the RMC results, in the sense that they show exponentially-decaying intrachain FM correlations with a non-negligible value of ξ at T = 100 K, as well as weaker AFM inter-chain correlations [ Fig. 4 ]. The largest difference in I(q) between the J 3 /J 1 = −0.02 and J 3 /J 1 = −0.10 models occurs in the region q 0.5Å −1 , with smaller values of |J 3 /J 1 | producing increased intensity as q → 0. Fig. 4(b) shows that this increased intensity at low-q is associated with a larger value of the FM correlation length ξ. Unfortunately, since the low-q region is not accessed experimentally, the diffraction data are relatively insensitive to the values of ξ and J 3 /J 1 . In order to place a stronger restriction on J 3 /J 1 , it is necessary to consider other experimental evidence together with diffraction -an approach we will follow in Section IV. Nevertheless, a conclusion we can draw from Fig. 4(b) is that, for small |J 3 /J 1 | 0.10, the values of ξ from DMC simulation agree with the exact result for independent Ising chains [Eq. (6)] with no fitting parameters. Therefore, above T N , the functional form of the FM correlations is only weakly perturbed by a small J 3 interaction, even though T N itself increases with increasing |J 3 /J 1 |. This result suggests that the coupling of Co 3+ ions in the same chain by several J 3 pathways has negligible impact on the paramagnetic intra-chain correlations [ Fig. 5 ]. Clearly, this can only apply for small J 3 ; for |J 3 | > J 1 , the system is neither frustrated nor low-dimensional, since the J 3 interactions form a twosublattice arrangement which would allow for the simple long-range ordering shown in Fig. 5 .
Before proceeding, we ask what further information on the paramagnetic spin correlations could be obtained from single-crystal diffraction data -a question of topical interest given a recent report of a neutron scattering measurement on co-aligned crystals of Ca 3 Co 2 O 6 . 37 In Fig. 6 , we show the calculated I(q) in the (hk0) reciprocal space plane for three models of Ca 3 Co 2 O 6 at T = 25 K: the DMC model with J 3 /J 1 = −0.10 in 6(a); the DMC model with J 3 /J 1 = −0.02 in 6(b); and the RMC model obtained from fitting the powder data in 6(c). In each case the magnetic diffuse scattering pattern was calculated from the spin configurations using the general equation
where f (q) is the Co 3+ magnetic form factor, 32 q is the scattering vector, and S ⊥ i is the spin vector located at r i , projected perpendicular to q. In all cases, the diffuse scattering takes the form of triangle-shaped peaks at the corners of the second Brillouin zone. The fact that similar results are obtained from both RMC refinement and a physically-sensible set of magnetic interactions suggests that our prediction of I(q) is robust. Our calculations also indicate that a single-crystal neutronscattering measurement of the (hk0) plane would provide rather little information on the relative strength of FM and AFM interactions. Instead, it would probably be necessary to measure one of the diffuse peaks along c * in order to obtain the FM correlation length as a function of temperature. Finally, in panel 6(d) we show the calculated I(q) for the nearest-neighbour Ising antiferromagnet on the triangular lattice, a model due to Wannier 39 which has previously been applied in several theoretical studies of Ca 3 Co 2 O 6 (see, e.g., Refs. 5-7). We find close agreement between panels 6(a)-6(c) and the Wannier model. Indeed, the extent of this agreement is rather surprising, since the modulation of the diffuse scattering is sensitive to small changes in the magnetic interactions.
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While the Wannier model clearly provides no information on the intra-chain correlations, it seems to provide a good qualitative description of the inter-chain spin correlations. Taken as a whole, our results suggest a physical picture of paramagnetic Ca 3 Co 2 O 6 in which weak interchain correlations resemble the Wannier model, and the length-scale ξ over which these correlations remain coherent along the c axis can be calculated as if the chains behave independently. In this sense, above T N , the correlations along c are effectively decoupled from those in the ab plane.
IV. BULK PROPERTIES
In this section we employ direct Monte Carlo simulations to calculate bulk properties of Ca 3 Co 2 O 6 in the paramagnetic phase. Our motivation for considering bulk properties is the strong dependence of the limiting value I(q → 0) on the ratio J 3 /J 1 , which suggests that the bulk susceptibility is sensitive to the strength of both 
is shown as a dashed magenta line.
FM and AFM interactions. Here, Monte Carlo simulation has two important advantages over traditional approaches to fitting the susceptibility:
2,12,30,41 first, it is not limited by the number or type of interactions which can be modelled; second, it is not restricted to the high-temperature limit, remaining accurate as T N is approached from above.
In Fig. 7(a) the product of the magnetic susceptibility per spin and temperature, χT , is shown for different values of J 3 /J 1 . The susceptibility is calculated parallel to the direction of the chains (i.e., along c), as described in Section II. The results show two main features. First, there is an anomaly at the Néel temperature,
2 . The value of T N decreases with decreasing |J 3 /J 1 |, as one expects, since T N = 0 in the limit of independent chains. 34 (We note that a value T N = 0 cannot be obtained in Monte Carlo simulation due to the finite simulation size; for a model with only FM J 1 interactions, ξ approaches the size of our simulation at T ≈ 0.4J 1 |S| 2 , i.e., significantly below the transition temperatures we observe for the J 1 -J 3 model.) Second, there is a broad peak at T ′ T N , which sharpens and moves closer to T N as |J 3 /J 1 | is decreased. In this respect, our simulations reproduce experimental measurements of the parallel susceptibility, 2,31 which also show a broad peak at T ′ ≈ 1.6T N = 40 K. From Fig. 7(a) , the experimental ratio of T ′ /T N implies that 0.06 |J 3 /J 1 | 0.10. Our results suggest that the T ′ peak arises from the development of AFM inter-chain correlations, since the diffraction measurements show the development of an AFM peak in I(q) at T ≈ T ′ [ Fig. 3 ], while the intra-chain correlations remain FM for all T ≤ 100 K [ Fig. 4(b) ].
Although the Ising-model simulation with J 3 /J 1 = −0.10 shows qualitative agreement with the experimental data for T T N , it proved impossible to obtain a satisfactory fit of an Ising model over the whole temperature range: the problem is that the gradient of the Ising curve is too shallow at higher temperatures [ Fig. 7(a) ]. To explain this observation, it is necessary to relax our previous assumption that spins behave as purely Ising variables. In general, an Ising approximation is valid for T much smaller than the energy scale of magnetic anisotropy D|S| 2 in the anisotropic Heisenberg Hamiltonian [Eq. (3)]. Literature values of D range between 25 K ≤ D ≤ 230 K 12, 30, 41 , suggesting that the effect of finite anisotropy may not be negligible for all T N < T ≤ 300 K. Since χT is measured experimentally by applying a magnetic field along the c axis, spin fluctuations away from this axis for finite D will cause the experimental χT to be smaller than the Ising-model calculation. To quantify the combined effect of J 3 and D, we performed DMC simulations of Eq. (3) within the range 0.07 ≤ |J 3 /J 1 | ≤ 0.14 and 20 ≤ D/J 1 ≤ 40. For each set of interaction parameters, the calculated curve was fitted to the experimental data for T > T N by first normalising both data and model horizontally by the position of T N and then calculating the vertical scale factor which minimised the sum of the squared residuals. The best-fit parameters are J 3 /J 1 = −0.10 ± 0.01 and D/J 1 = 32 ± 3 (uncertainties represent the smallest interval in our grid). The success of this procedure relies on the fact that J 3 and D are only weakly correlated, since the effect of J 3 is most important for T T N , whereas the effect of finite D is most pronounced at high T . The corresponding fit is shown in Fig. 7(a) , representing essentially quantitative agreement with the data throughout the paramagnetic regime.
We can place our interaction parameters on an absolute scale using the location of T N = 1.04J|S|
2 . Taking 37 which show a weakly-dispersive spin wave propagating along c * with a large spin gap ω 0 = 27 meV (= 310 K). The dispersion was fitted using linear spin-wave theory to obtain J 1 = 4.9 K and D = ω 0 /2S = 79 K. Taking into account higher-order corrections to the spin-wave theory leads to a modified equation for the spin gap, D = ω 0 /(2S − 1), 42 which yields D = 105 K for the data of Ref. 37 . With this correction, there is reasonable quantitative agreement (∼20%) between our results and INS measurements. We note that the orbital contribution to the magnetic moment has not been included in estimates of the interaction parameters, even though it represents a significant fraction of the total moment in Ca 3 Co 2 O 6 . We can estimate the effective magnetic moment µ eff from the vertical scale factor using the relation (χT ) expt = 0.375(µ eff /µ B ) 2 (χT ) MC , where (χT ) expt is given in K emu mol −1 . We obtain µ eff = 5.3µ B , which is consistent with theoretical studies (∼5.7µ B ), 4 magnetisation measurements (∼4.8µ B ), 2 and an x-ray circular dichroism study (∼5.3µ B ).
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Since considering finite D introduces an additional parameter compared to an Ising model, it is important to ask whether it explains any measurements beyond the susceptibility. One such measurement is the magnetic heat capacity, C mag . In addition to the expected peak at T N , the experimental C mag shows a broad high-T peak centred at T (C mag ) ≈ 120 K. 17, 18 Although the presence of this peak is not in doubt, its intensity is quite uncertain due to the effect of the lattice subtraction, as a comparison of data from Ref. 17 and Ref. 18 shows [ Fig. 7(b) ]. In Ref. 18 the high-T peak was ascribed to the development of short-range FM intra-chain correlations, which release all the entropy in a fully one-dimensional model. If this explanation is correct, then the large separation between T (C mag ) and T N would suggest that Ca 3 Co 2 O 6 has much more one-dimensional character than the canonical Ising spin-chain compound CoCl 2 · 2NC 5 H 5 , for which the high-T peak is nearly obscured by the T N peak.
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In Fig. 7(b) we plot the magnetic heat capacity from DMC simulations of the Ising model for J 3 /J 1 = −0.10 and J 3 /J 1 = −0.02. For J 3 /J 1 = −0.10, the broad peak at T (C mag ) is obscured by the sharp T N peak, and even for J 3 /J 1 = −0.02 it is only just visible as a shoulder on the T N peak. Therefore an Ising model can only explain the existence of the high-T peak if |J 3 /J 1 | ≪ 0.02.
We now consider our anisotropic Heisenberg model with J 3 /J 1 = −0.10 and D/J 1 = 32. This model does show a broad peak at T ≈ 5J 1 |S| 2 ≈ 0.15D|S| 2 ≈ 120 K, in agreement with the experimental data. Our results are supported by quantum calculations of the anisotropic Heisenberg chain, which also predict an extra peak in C mag at T ≈ 0.2DS(S + 1) for large but finite D. 42 However, an obvious problem is that our anisotropic Heisenberg curve does not collapse onto the Ising one at low temperature: this unphysical result is due to the failure of the classical approximation implied in Eq. (3), which permits magnetic excitations which cost an infinitesimal amount of energy, resulting in a non-zero value for C mag in the low-T limit. 44 Hence the anisotropic Heisenberg curve should be compared with the data at high T , while the Ising curve provides a better description at low T .
Finally, we consider our results in the context of the magnetic ordering identified by neutron diffraction. The first ordered state that develops at T N is a SDW with an incommensurate magnetic propagation vector k ≈ (0, 0, 1.01). 15, 16 If it is assumed that J 2 is negligibly small, this propagation vector would require that J 3 /J 1 = −0.02.
14 The ratio J 3 /J 1 = −0.10 we have determined would produce a shorter-wavelength modulation with k = (0, 0, 1.05). However, as Fig. 7(a) shows, choosing J 3 /J 1 = −0.02 to agree with Ref. 14 results in a much less successful description of the experimental susceptibility data. These results may be reconciled if J 2 is not actually negligible compared to J 3 . Our simulations of the paramagnetic phase are not very sensitive to whether the AFM coupling is J 2 or J 3 , or a combination of both; hence our value of J 3 can probably be interpreted as J AFM , where J AFM ≈ J 2 + J 3 . By choosing J 3 and J 2 appropriately, both the overall energy scale of AFM interactions and the experimental propagation vector can be reproduced. For J AFM = −0.10J 1 , this occurs when J 2 = J 3 = −0.05J 1 . We have checked that these values indeed yield a χT curve which is qualitatively identical to the one shown previously for J 3 /J 1 = −0.10 (J 2 = 0). In this context, we note that recent NMR results also indicate that J 2 may not be negligible.
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V. CONCLUSIONS
In summary, polarised neutron diffraction measurements performed on Ca 3 Co 2 O 6 give clear evidence of the coexistence of the two different magnetic structures in this compound at low temperature: a spin density wave structure and a commensurate antiferromagnetic structure. The volume fraction of the phases is dependent on sample history in general, and on cooling rates in particular, with slow cooling rates providing easier access to the commensurate antiferromagnetic phase.
Above T N , we performed reverse Monte Carlo refinements and direct Monte Carlo simulations to model the magnetic diffuse scattering data. Our results show that intra-chain spin correlations remain ferromagnetic at all temperatures, decay approximately exponentially with distance along the chain, and exhibit a temperaturedependent correlation length which is well described by Ising's result for independent chains. Inter-chain correlations are weaker and antiferromagnetic, and have a diffraction pattern showing strong qualitative similarities to the canonical Wannier model. Perhaps our most intriguing result is that important aspects of these two models are simultaneously realised in paramagnetic Ca 3 Co 2 O 6 , i.e., intra-and inter-chain correlations are essentially decoupled. The magnetic diffuse scattering data do not place strong constraints on the magnetic exchange constants, but by fitting published measurements of the single-crystal bulk susceptibility 2 we obtain J 1 ≈ 4.0 K, J 3 ≈ 0.40 K, and D ≈ 130 K. In particular, we have shown that it is essential to include both antiferromagnetic exchange (J 2 and/or J 3 ) and finite single-ion anisotropy D in order to obtain a good description of bulk properties. The Hamiltonian we have described is the first to agree quantitatively with susceptibility data for all T N < T ≤ 300 K; moreover, it is consistent with our neutron scattering results and correctly predicts the form of the magnetic heat capacity.
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Given that not much is known about the behaviour of the CAFM phase in an applied field 3 and that for the SDW phase the magnetic states for a zero-field cooled sample and a sample that has previously been exposed to a high magnetic field are completely different on a microscopic level, 46, 47 it would be extremely interesting to extend the neutron scattering measurements to an applied field. Ideally such an experiment should be performed on an arrangement of single crystals with appreciable volume, which have recently been reported. 
